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1. INTRODUCTION
The usual arithmetic operations of reals can be extended to the arithmeti-
cal operations on fuzzy intervals by means of Zadeh’s extension principle
[25] based on a triangular norm T . The most frequently used fuzzy inter-
vals are those of LR-fuzzy intervals, where L and R are the left and right
shape functions, respectively. Fuzzy intervals and their arithmetic oper-
ations belong to the theoretical basis of several intelligent technologies
based on approximate reasoning and fuzzy logic. An important feature
of t-norm-based arithmetical operations is that they provide a means of
controlling the growth of uncertainty during calculations. Namely, shape-
preserving arithmetic operations of LR-fuzzy intervals allow one to control
the resulting spread. In practical computation, it is natural to require the
preservation of the shape of fuzzy intervals during addition and multiplica-
tion. Recently, Hong [11] showed that TW , the weakest t-norm, is the only
t-norm T that induces a shape-preserving multiplication of LR-fuzzy inter-
vals. Mesiar [22] was interested, for given shapes L and R, in which t-norm
T induces a shape-preserving addition of LR-fuzzy numbers. Some results
on fuzzy arithmetic operations and their applications can be found in [1–22].
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In [21], Mesiar suggested an open problem concerning linearity-preserving
additions of fuzzy intervals. In this paper we deal with this open problem.
2. BASIC DEFINITIONS
A fuzzy interval A is a fuzzy subset of the real line R with a continu-
ous, compactly-supported, unimodal, and normalized membership function.
Following Dubois and Prade [1], a fuzzy interval A is a so-called LR-fuzzy
interval, A = a b αβLR, if the corresponding membership function sat-
isﬁes, for all x ∈ R,
Ax =


1 if a ≤ x ≤ b,
L
(
a− x
α
)
if a− α ≤ x ≤ a, α > 0,
R
(
x− b
β
)
if b ≤ x ≤ b+ β, β > 0,
0 otherwise,
where a b	 is the peak of A, α > 0 and β > 0 are the left and right
spreads, respectively, and L and R are nonincreasing continuous func-
tions from [0, 1] to [0, 1] such that L0 1 = R0 1 = 0 1. Recall
that L and R are called the left and right shape functions, respectively. If
Rx = Lx = 1− x, we denote a b αβLR by a b αβ. A function
T 
 0 1	 → 0 1	 is said to be a triangular norm (a t-norm) iff T is sym-
metric, associative, and nondecreasing in each argument and T x 1 = x
for all x ∈ 0 1	 ([3]).
Recall that a continuous t-norm T is Archimedean iff T x x < x for all
x ∈ 0 1. Every continuous Archimedean t-norm T is representable by a
continuous and decreasing function f 
 0 1	 → 0∞	 with f 1 = 0 and
T x y = f −1	f x + f y
where f −1	 is the pseudo-inverse of f , deﬁned by
f −1	y 
=
{
f−1y if y ∈ 0 f 0	,
0 if y ∈ f 0∞	.
The function f is the additive generator of T .
If f is bounded, then it can be chosen uniquely so that f 0 = 1, and the
corresponding t-norm T is called a nilpotent t-norm. If f is unbounded,
the corresponding t-norm T is called a strict t-norm.
Let T be a given t-norm and let A1 and A2 be two fuzzy numbers. Then
their T -sum C = A ⊕ B is deﬁned by the generalized extension principle
of Zadeh [25] as
Cz = sup
x+y=z
T Ax By z ∈ R
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If T is a continuous Archimedean t-norm with the additive generator f ;
then
Cz = f −1	
(
inf
x+y=zf Ax + f By
)

3. ADDITIONS PRESERVING THE LINEARITY OF
FUZZY INTERVALS
Recall that TM is the strongest t-norm, TMx y = minx y, and TW
is the weakest t-norm, where TW x y = 0 whenever maxx y < 1 and
TW x y = minx y otherwise.
The following theorem is due to Kolesa´rova´ [15, 16].
Theorem 1. (a) Let T be an arbitrary t-norm weaker than or equal to
the Lukasiewicz t-norm TL; T x y ≤ TLx y = max0 x+ y − 1, x y ∈
0 1	. Then the addition ⊕ based on T coincides on linear fuzzy intervals with
the addition ⊕ based on the weakest t-norm Tω; i.e.,
a1 b1 α1 β1 ⊕ a2 b2 α2 β2
= a1 + a2 b1 + b2maxα1 α2maxβ1 β2
(b) Let T be a continuous Archimedean t-norm with convex additive
generator f . Then the addition ⊕ based on T preserves the linearity of fuzzy
intervals if and only if the t-norm T is a member of Yager’s family of nilpotent
t-norms with parameter p ∈ 1∞, T = TYp , and f x = 1 − xp. Then
TY1 = TL and for p ∈ 0∞,
a1 b1 α1 β1 ⊕ a2 b2 α2 β2
= a1 + a2 b1 + b2 αq1 + αq21/q βq1 + βq21/q
where 1/p+ 1/q = 1, i.e. q = p/p− 1.
The above Theorem 1 gives some sufﬁcient conditions for a t-norm T
to serve as a basis for a linearity-preserving addition. Mesiar [22] conjec-
tured that the only t-norm-based additions preserving the linearity of fuzzy
intervals are those described in Theorem 1. And he gave a partial positive
answer of the open problem as in Theorem 2.
Theorem 2 22	 Let a continuous t-norm T be not weaker than or
equal to TL (i.e., there are some x y ∈ 0 1	 so that T x y > x+ y − 1 > 0).
Let the addition based on T preserve the linearity of fuzzy intervals. Then either
T is the strongest t-norm, T = TM , or T is a nilpotent t-norm.
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4. PROOF OF THE OPEN PROBLEM
In this section we prove Mesiar’s open problem. We say that a function f
deﬁned on [0, 1] has line support at x0 ∈ 0 1	 if there exists an afﬁne func-
tion Hx = f x0 +mx− x0 such that Hx ≤ f x for every x ∈ 0 1	.
The graph of the support function H is called a supporting line for f at x0.
Let f be a continuous and decreasing function from [0, 1] to 0∞	 with
f 1 = 0. Considering the convex hull of x yx ∈ 0 1	 f x ≤ y, we
can deﬁne f ∗, the convex function generated by f , to be
f ∗x = infλ1f x1 + λ2f x2 + · · · + λnf xn 
 λ1x1 + λ2x2 + · · ·
+λnxn = x
= supHx
where the supremum is taken over all afﬁne functions H such that Hx ≤
f x on [0, 1] (see [23, p. 21]). It is noted that f ∗x0 = f x0 if and only
if there exists a supporting line for f at each x0 ∈ 0 1.
We ﬁrst consider the following theorem.
Theorem 3. Suppose that f is the additive generator of a t-norm T with
f 0 = 1 and that the addition based on T preserves the linearity of fuzzy
intervals.
Then either f is a member of Yager’s family with parameter p ∈ 1∞ or
T ≤ TL.
Proof. Let f ∗ be the convex function deﬁned above. We note that S =
xf ∗x = f x is closed since f and f ∗ are continuous functions, and
hence Sc is a ﬁnite or countable union of open intervals. Let A1 = A2 =
0 0 1 1.
Here we need some lemmas.
Lemma 1. If a ∈ S, then f −1	2f a ∈ S.
Proof. If 2f a ≥ 1, then it is trivial. So we assume 2f a < 1. There
are two possible cases.
Case 1 Suppose a ∈ S is a right cluster point; i.e., suppose there exists
a sequence an ⊂ S such that an = a and an ↓ a.
Let the function g1n be the line connecting a f a and an f an,
and let the function g2n be the line connecting f −1	2f a 2f a and
f −1	2f an 2f an.
We note that for z ∈ 0 1	,
g
2−1
n
(
2g1n z
)
= A1 ⊕A221− z
= f −1	
(
inf
x1+x2=21−z
f 1− x1 + f 1− x2
)
 (1)
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since both A1 ⊕ A221 − z and g2
−1
n 2g1n z, z ∈ 0 1	, are lin-
ear functions and g2
−1
n 2g1n a = f −1	2f a = A1 ⊕ A221 − a,
g
2−1
n 2g1n an = f −1	2f an = A1 ⊕A221− an. From (1) we see
that f x ≥ g2n x for x ∈ 0 f −1	2f a	 ∪ f −1	2f an 1	. To prove
this we ﬁrst assume z ≤ a. Then
2g1n z ≤ 2f ∗z = inf
x1+x2=21−z
f ∗1− x1 + f ∗1− x2
≤ inf
x1+x2=21−z
f 1− x1 + f 1− x2
hence by (1), for any w ≥ 2f a, there exists a w′ ≥ w such that
g
2−1
n w = f −1	w′
This means that g2n z ≤ f z for 0 ≤ z ≤ f −1	2f a.
Similarly, for z ≥ an,
2g1n z ≤ inf
x1+x2=21−z
f 1− x1 + f 1− x2
and hence by (1), for any w ≤ 2f an, there exists a w′ ≥ w such that
g
2−1
n w = f −1	w′, which implies that g2n z ≤ f z for f −1	2f an ≤
z ≤ 1
We also note that the slope of g2n ↓ θ <0 as n→∞. Then y − f u =
θx− u is a supporting line of f at u = f −1	2f a, which implies u ∈ A.
Case 2 Suppose a ∈ S is a right isolated point; i.e., suppose there exist
a b ∈ S such that a < b and a b ⊂ Sc .
Then we can easily see that
Ax = f a + f b − f a
b− a x− a
is a supporting line of f at a and b. Let
Bx = f u + f v − f u
v − u x− u
where u = f −1	2f a and v = f −1	2f b.
Then, from the relation
B−12Az=A1⊕A221−z=f −1	
(
inf
x1+x2=21−z
f 1−x1+f 1−x2
)

we see that Bx ≤ f x for x ∈ 0 1	; i.e., B is a supporting line of u and
v, since f x ≥ Ax for 0 ≤ x ≤ 1. Therefore u = f −1	2f a ∈ S.
From Lemma 1, we have the following lemma.
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Lemma 2. For z ∈ S,
f ∗−1	
(
inf
x1+x2=21−z
f ∗1− x1 + f ∗1− x2
)
= f −1	
(
inf
x1+x2=21−z
f 1− x1 + f 1− x2
)

Proof. If z ∈ S, then f z = f ∗z and f ∗−1	2f ∗z = f −1	2f z by
Lemma 1. Hence
f ∗−1	
(
inf
x1+x2=21−z
f ∗1− x1 + f ∗1− x2
)
= f ∗−1	2f ∗z = f −1	2f z
= f −1	
(
inf
x1+x2=21−z
f 1− x1 + f 1− x2
)

The following lemma is easy to check.
Lemma 3. Let Sc = a1 b2 ∪ a2 b2 ∪ · · · be a disjoint union of open
intervals. Then f ∗ on ai bi	 is the line segment connecting ai f ai and
bi f bi.
Lemma 4. For z ∈ Sc ,
f ∗−1	
(
inf
x1+x2=21−z
f ∗1− x1 + f ∗1− x2
)
= f −1	
(
inf
x1+x2=21−z
f 1− x1 + f 1− x2
)

Proof. Let z ∈ ai bi for some i. Then, according to the proof of
Case 2 of Lemma 1, we see that f ∗ on ai bi	 is the line segment connecting
ai f ai and bi f bi and f ∗ on ui vi	 is the line segment connecting
ui f ui and vi f vi, where ui = f −1	2f ai and vi = f −1	2f bi.
Then f ∗−1	infx1+x2=21−z f ∗1 − x1 + f ∗1 − x2 = f ∗−1	2f ∗z is
the line segment connecting ai ui = a1A1 ⊕ A221 − ai and
bi vi = biA1⊕A221− bi and hence is equal to A1⊕A221− z
on ai bi. Since
A1 ⊕A221− z = f −1	
(
inf
x1+x2=21−z
f 1− x1 + 1− x2
)
and A1 ⊕A221− z is linear on ai bi, we are done.
We also need the following two known results which are Theorem 3.1 of
[14] and Theorem 4 of [12], respectively.
Lemma 5 14	 Let T1, T2 be two Archimedean t-norms with additive gen-
erators f1, f2, respectively. Let h = f1 ◦ f−12 be the composite function deﬁned
on 0 f20	. Then T1 is weaker than T2 if and only if h is subadditive; i.e.,
for all s t ≥ 0, hs + t ≤ hs + ht.
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Lemma 6 12	 Let T be a t-norm with an additive generator of f . Then
f 1 − x is subadditive if and only if the addition based on T preserves the
linearity of fuzzy intervals.
Returning to the proof of Theorem 3, by Lemma 2 and 4 the addition ⊕
based on T whose generator is f ∗ preserves the linearity. Then, noting that
f ∗ is convex, by Theorem 1, f ∗x = 1 − xp for some 1 ≤ p < ∞. If
p = 1, then f 1− x = f ◦ f ∗−1x is subadditive by Lemma 6, and hence
T ≤ TL by Lemma 5. If 1 < p < ∞, then f = f ∗ is a member of Yager’s
family with parameter p ∈ 1∞, which completes the proof.
We now prove Mesiar’s open question.
Theorem 4. Let a continuous t-norm T be not weaker than or equal to
TL. Then the addition ⊕ based on T preserves the linearity of fuzzy intervals
if and only if the t-norm T is either TM or a member of Yager’s family of
nilpotent t-norms with parameter p ∈ 1∞, T = TYp , and f x = 1− xp.
Proof. The “if” part is immediate. We prove the “only if” part. If T is
not TM , then by Theorem 3 of [22], T is nilpotent (i.e., f 0 = 1). Now the
result comes from Theorem 3.
Remark. Theorem 4 proves that Mesiar’s conjecture is right; i.e., there
are no other continuous t-norms except those described in Theorem 2
of [22] leading to linearity-preserving additions of fuzzy intervals. As an
application, using Corollary 1 of [22], we also have a result concern-
ing the preserving additions of the LR-shape of LR-fuzzy intervals by a
t-norm-based addition; that is, there are no other continuous t-norm-based
additions preserving the LR-shape of LR-fuzzy intervals up to those
described in Corollary 2 of [22]. It is also noted that Mesiar’s problem for
the noncontinuous t-norm is not yet proved.
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